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Abstrat
An extension B ⊂ A of algebras over a ommutative ring k is an H-extension for an
L-bialgebroid H if A is an H-omodule algebra and B is the subalgebra of its oinvariants.
It is H-Galois if in addition the anonial map A ⊗B A → A ⊗L H is an isomorphism or,
equivalently, if the anonial oring (A⊗L H : A) is a Galois oring.
In the ase of a Hopf algebroid H = (HL,HR, S), a omodule algebra A is dened as
an algebra arrying ompatible omodule strutures over both onstituent bialgebroids HL
and HR. If the antipode is bijetive then A is proven to be an HR-Galois extension of its
oinvariants if and only if it is an HL-Galois extension.
Results about bijetive entwining strutures are extended to entwining strutures over
non-ommutative algebras in order to prove a Kreimer-Takeuhi type theorem for a nitely
generated projetive Hopf algebroid H with a bijetive antipode. It states that any H-Galois
extension B ⊂ A is projetive, and if A is k-at then already the surjetivity of the anonial
map implies the Galois property.
The Morita theory, developed for orings by Caenepeel, Verruysse and Wang, is applied
to obtain equivalent riteria for the Galois property of Hopf algebroid extensions. This leads
to Hopf algebroid analogues of results for Hopf algebra extensions by Doi and, in the ase of
Frobenius Hopf algebroids, by Cohen, Fishman and Montgomery.
1 Introdution
An extension B ⊂ A of algebras over a ommutative ring k is an H-extension for a k-bialgebra
H if A is a right H-omodule algebra and B is the subalgebra of its oinvariants i.e. of elements
b ∈ A suh that b〈0〉⊗ b〈1〉 = b⊗ 1H  where the map A→ A⊗k H , a 7→ a〈0〉⊗ a〈1〉 is the oation
of H on A (summation understood). An H-extension B ⊂ A is H-Galois if the anonial map
A⊗B A→ A⊗k H , a⊗ a
′ 7→ aa′〈0〉 ⊗ a
′
〈1〉 is an isomorphism of k-modules.
In many ases it is tehnially muh easier to hek the surjetivity of the anonial map than
its injetivity. A powerful tool in the study of H-extensions is the Kreimer-Takeuhi theorem
[27℄ stating that if H is a nitely generated projetive Hopf algebra then the surjetivity of the
anonial map implies its bijetivity and also the fat that A is projetive both as a left and as a
right B-module.
The proof of the Kreimer-Takeuhi theorem went through both simpliation and generaliza-
tion in the papers [32, 34, 11, 33℄. In the present paper we adopt the method of Brzezi«ski [11℄ and
of Shauenburg and Shneider [33℄, who used the following observation. A omodule algebra A for
a bialgebraH determines a anonial entwining struture [13℄ onsisting of the algebra A, the oal-
gebra underlying the bialgebra H , and the entwining map H⊗kA→ A⊗kH , h⊗a 7→ a〈0〉⊗ha〈1〉.
In the ase when the bialgebra H possesses a skew antipode, this entwining map is a bijetion.
The proof of (a wide generalization of) the Kreimer-Takeuhi theorem both in [11℄ and in [33℄
is based on the study of bijetive entwining strutures, under slightly dierent assumptions. In
Setion 4 below we show that these arguments an be repeated almost without modiation by
using entwining strutures over non-ommutative algebras [5℄.
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In the paper [23℄ Doi onstruted a Morita ontext for an H-extension B ⊂ A. If H is nitely
generated and projetive as a k-module then the surjetivity of one of the onneting maps is
equivalent to the projetivity and the Galois property of the extension B ⊂ A, while the stritness
of the Morita ontext is equivalent to faithful atness and the Galois property. This observation
made it possible to use all results of Morita theory for haraterizing H-Galois extensions. In the
ase when H is a nite dimensional Hopf algebra over a eld (or a Frobenius Hopf algebra over a
ommutative ring), the Morita ontext of Doi is equivalent to another Morita ontext, introdued
by Cohen, Fishman and Montgomery [22℄.
One of the most beautiful appliations of the theory of orings [16℄ is the observation [10℄ that
the Galois property of an H-extension B ⊂ A is equivalent to the Galois property of a anonial
A-oring A⊗H . In [20℄ the onstrution of the Morita ontext by Doi has been extended to any
A-oring C possessing a grouplike element (i.e. suh that A is a C-omodule). In the ase when
C is a nitely generated projetive A-module (or an A-progenerator, see [17℄) the appliation of
Morita theory yields then several equivalent riteria for the Galois property of the oring C and
the projetivity (or faithful atness) of A as a module for the subalgebra of oinvariants in A. In
the ase when the A-dual algebra of the oring C is a Frobenius extension of A, also the Morita
ontext in [22℄ has been generalized to the general setting of orings and the preise relation of
the two Morita ontexts has been explained.
The notion of bialgebra extensions has been generalized to bialgebroids by Kadison [25℄ as an
extension B ⊂ A of k-algebras suh that A is a omodule algebra and B is the subalgebra of
oinvariants. The Galois property of a bialgebroid extension an be formulated also as the Galois
property of a anonial oring. This implies that the general theory, developed in [20℄, an be
applied also to bialgebroid extensions.
In the present paper we study Hopf algebroid extensions. The notion of Hopf algebroids has
been introdued in [9, 4℄ and studied further in [6℄. It onsists of two ompatible (left and right)
bialgebroid strutures on the same algebra whih are related by the antipode.
In Setion 3 a omodule of a Hopf algebroid is dened as a pair of omodules for both on-
stituent bialgebroids HL and HR, in suh a way that the HR-oation is HL-olinear and the
HL-oation is HR-olinear. In partiular, a omodule algebra A of a Hopf algebroid is dened
as an algebra arrying the struture of a ompatible pair of omodule algebras of the onstituent
bialgebroids. If the antipode of a Hopf algebroidH is bijetive, then we prove that the HR- and the
HL-oinvariants of any H-omodule algebra A oinide. What is more, we show that in this ase
A is a Galois extension of its oinvariant subalgebra by HL if and only if it is a Galois extension
by HR.
In Setion 4 it is shown that  just as in the ase of Hopf algebras  if H is a Hopf algebroid
with a bijetive antipode then the anonial entwining struture (over the non-ommutative base
algebra of H), assoiated to an H-omodule algebra, is bijetive. This fat is used to prove a
Kreimer-Takeuhi type theorem.
In Setion 5 we apply the Morita theory for orings to a Hopf algebroid extension B ⊂ A,
looked at as an extension by the onstituent right bialgebroid HR. In the nitely generated
projetive ase this results in equivalent riteria, under whih B ⊂ A is a projetive HR-Galois
extension. Similarly, we an look at B ⊂ A as an extension by the onstituent left bialgebroid
HL and obtain equivalent onditions for its projetivity and HL -Galois property. Making use of
the results about Hopf algebroid extensions in Setion 3, and the Kreimer-Takeuhi type theorem
proven in Setion 4, we onlude that if H is a nitely generated projetive Hopf algebroid with a
bijetive antipode then the two equivalent sets of onditions are equivalent also to eah other. In
the ase of Frobenius Hopf algebroids [6℄ we obtain a diret generalization of ([22℄, Theorem 1.2).
Throughout the paper k is a ommutative ring. By an algebra R = (R, µ, η) we mean an asso-
iative unital k-algebra. Instead of the unit map η we use sometimes the unit element 1R : = η(1k).
We denote by RM,MR and RMR the ategories of left, right, and bimodules for R, respetively.
For the k-module of morphisms in RM, MR and RMR we write RHom( , ), HomR( , ) and
RHomR( , ), respetively.
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2 Preliminaries
2.1 Bialgebroids and Hopf algebroids
L -bialgebroids [28, 39, 36, 30℄ or, what were shown in [14℄ to be equivalent to them, ×L -bialgebras
[38℄ are generalizations of bialgebras to the ase of non-ommutative base algebras. This means
that instead of oalgebras and algebras over ommutative rings, one works with orings and rings
over non-ommutative base algebras. Reall that a oring over a k-algebra L is a omonoid in
LML while an L-ring is a monoid in LML. The notion of L-rings is equivalent to a pair, onsisting
of a k-algebra A and an algebra homomorphism L→ A.
Denition 2.1 A left bialgebroid is a 6-tuple H = (H,L, s, t, γ, π), where H and L are k-algebras.
H is an L ⊗
k
Lop-ring via the algebra homomorphisms s : L → H and t : Lop → H , the images of
whih are required to ommute in H . In terms of the maps s and t one equips H with an L-L
bimodule struture as
l · h · l′ : = s(l)t(l′)h for h ∈ H, l, l′ ∈ L. (2.1)
The triple (H, γ, π) is an L-oring with respet to the bimodule struture (2.1). Introduing
Sweedler's notation γ(h) = h(1) ⊗L h(2) for h ∈ H (with impliit summation understood), the
axioms
h(1)t(l) ⊗L h(2) = h(1)
⊗
L
h(2)s(l) (2.2)
γ(1H) = 1H ⊗L 1H (2.3)
γ(hh′) = γ(h)γ(h′) (2.4)
π(1H) = 1L (2.5)
π (h s◦π(h′)) =π(hh′) = π (h t◦π(h′)) (2.6)
are required for all l ∈ L and h, h′ ∈ H .
Notie that  although H ⊗
L
H is not an algebra  axiom (2.4) makes sense in view of (2.2).
The bimodule (2.1) is dened in terms of multipliation by s and t on the left. The R-R
bimodule struture in a right bialgebroid H = (H,R, s, t, γ, π) is dened in terms of multipliation
on the right. For the details we refer to [26℄.
The opposite of a left bialgebroidH = (H,L, s, t, γ, π) is the right bialgebroidHop = (Hop, L, t, s,
γ, π) where Hop is the algebra opposite to H . The o-opposite of H is the left bialgebroid
Hcop = (H,L
op, t, s, γop, π) where γop : H → H ⊗
Lop
H is the opposite oprodut h 7→ h(2) ⊗Lop h(1).
It has been observed in [26℄ that for a left bialgebroid H = (H,L, s, t, γ, π), suh that H is
nitely generated and projetive as a left or right L-module, the orresponding L-dual possesses a
right bialgebroid struture over the base algebra L. Analogously, the R-duals of a nitely generated
projetive right bialgebroid over R possess left bialgebroid strutures. For the expliit forms of
the dual bialgebroid strutures onsult [26℄.
Before dening the notion of a Hopf algebroid, let us introdue some notations. Analogous
notations were used already in [9, 6℄.
When dealing with an L ⊗
k
Lop-ring H , we have to fae the situation that H arries dierent
module strutures over the base algebra L. In this situation the usual notation H ⊗
L
H would
be ambiguous. Therefore we make the following notational onvention. In terms of the algebra
homomorphisms s : L → H and t : Lop → H (with ommuting images in H) we introdue four
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L-modules
LH : l · h : = s(l)h
HL : h · l : = t(l)h
HL : h · l = hs(l)
LH : l · h = ht(l). (2.7)
This onvention an be memorized as left indies stand for left modules and right indies stand for
right modules. Upper indies refer to modules dened in terms of right multipliation and lower
indies refer to the ones dened in terms of left multipliation.
In writing L-module tensor produts, we write out expliitly the module strutures of the
fators that are taking part in the tensor produts, and do not put marks under the symbol ⊗.
E.g. we write HL ⊗ LH . In writing elements of tensor produt modules we do not distinguish
between the various module tensor produts. That is, we write both h ⊗
L
h′ ∈ HL ⊗ LH and
g ⊗
L
g′ ∈ HL ⊗ LH, for example.
A left L-module an be onsidered anonially as a right Lop-module, and sometimes we want
to take a module tensor produt over Lop. In this ase we use the name of the orresponding
L-module and the fat that the tensor produt is taken over Lop should be lear from the order
of the fators.
In writing multiple tensor produts we use dierent types of letters to denote whih module
strutures take part in the same tensor produt.
Denition 2.2 A Hopf algebroid H = (HL,HR, S) onsists of a left bialgebroid HL = (H,L, sL,
tL, γL, πL) and a right bialgebroid HR = (H,R, sR, tR, γR, πR), with ommon total algebra H ,
and a k-module map S : H → H , alled the antipode, suh that the following axioms hold true 1:
i) sL ◦ πL ◦ tR = tR, tL ◦ πL ◦ sR = sR and
sR ◦ πR ◦ tL = tL, tR ◦ πR ◦ sL = sL; (2.8)
ii) (γL ⊗
RH) ◦ γR = (HL ⊗ γR) ◦ γL as maps H → HL ⊗ LH
R ⊗ RH and
(γR ⊗ LH) ◦ γL = (H
R ⊗ γL) ◦ γR as maps H → H
R ⊗ RHL ⊗ LH ; (2.9)
iii) S is both an L-L bimodule map LHL → LH
L
and an R-R bimodule map
RHR → RH
R; (2.10)
iv) µH ◦ (S ⊗ LH) ◦ γL = sR ◦ πR and
µH ◦ (H
R ⊗ S) ◦ γR = sL ◦ πL. (2.11)
If H = (HL,HR, S) is a Hopf algebroid then so is H
op
cop = ((HR)
op
cop, (HL)
op
cop, S) and if S is bijetive
then also Hcop = ((HL)cop, (HR)cop, S
−1) and Hop = ((HR)
op, (HL)
op, S−1).
We are going to use the following variant of the Sweedler-Heynemann index onvention. For a
Hopf algebroid H = (HL,HR, S) we use the notation γL(h) = h(1) ⊗ h(2) with lower indies and
γR(h) = h
(1) ⊗ h(2) with upper indies for h ∈ H in the ase of the oproduts of HL and HR,
respetively. In both ases impliit summation is understood. Axioms (2.9) read in this notation
as
h(1)(1) ⊗ h
(1)
(2) ⊗ h
(2) = h(1) ⊗ h(2)
(1) ⊗ h(2)
(2)
h(1)
(1) ⊗ h(1)
(2) ⊗ h(2) = h
(1) ⊗ h(2)(1) ⊗ h
(2)
(2)
for h ∈ H .
It is proven in ([6℄, Proposition 2.3) that the base algebras L and R of the left and right
bialgebroids HL and HR in a Hopf algebroid H are anti-isomorphi via any of the isomorphisms
πL ◦ sR and πL ◦ tR. The antipode is a homomorphism of left bialgebroids HL → (HR)
op
cop
and also (HR)
op
cop → HL in the sense that it is an anti-algebra endomorphism of H and the
1
An equivalent set of axioms is obtained by requiring S to be only an R-L bimodule map, see Remark 2.1 in [7℄.
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pair of maps (S, πL ◦ sR) is a oring homomorphism from the R
op
-oring (H, γopR , πR) to the L-
oring (H, γL, πL) and the pair of algebra homomorphisms (S, πR ◦ sL) is a oring homomorphism
(H, γL, πL)→ (H, γ
op
R , πR).
We term a Hopf algebroid H, for that all modules HR, RH , HL and LH is nitely generated
and projetive, as a nitely generated projetive Hopf algebroid.
Left integrals in a left bialgebroid HL are dened ([9℄, Denition 5.1) as the invariants of the
left regular H-module i.e. the elements of
L(H) : = { ℓ ∈ H | hℓ = sL◦πL(h) ℓ ∀h ∈ H }.
By ([6℄, Sholium 2.8) an element ℓ of a Hopf algebroid H is a left integral if and only if hℓ(1) ⊗
R
S(ℓ(2)) = ℓ(1) ⊗
R
S(ℓ(2))h for all h ∈ H .
A left integral ℓ in a Hopf algebroid H is alled non-degenerate ([9℄, Denition 5.3) if both
maps
ℓR : H
∗ : = HomR(H
R, R)→ H φ∗ 7→ φ∗ ⇀ ℓ ≡ ℓ(2) tR◦φ
∗(ℓ(1)) and
Rℓ :
∗H : = RHom(
RH,R)→ H ∗φ 7→ ∗φ ⇁ ℓ ≡ ℓ(1) sR◦
∗φ(ℓ(2))
are isomorphisms. By ([9℄, Proposition 5.10) for a non-degenerate left integral ℓ in a Hopf algebroid
H also the maps
ℓL : H∗ : = HomL(HL, L)→ H φ∗ 7→ ℓ ↼ φ∗ ≡ sL◦φ∗(ℓ(1)) ℓ(2) and
Lℓ : ∗H : = LHom(LH,L)→ H ∗φ 7→ ℓ ↽ ∗φ ≡ tL◦∗φ(ℓ(2)) ℓ(1)
are isomorphisms. It is shown in ([6℄, Theorem 4.7, see also the Corrigendum) that the existene
of a non-degenerate left integral in a nitely generated projetive Hopf algebroid H is equivalent
to the Frobenius property of any of the four extensions sR : R → H , tR : R
op → H , sL : L → H
and tL : L
op → H and it implies the bijetivity of the antipode. What is more, if the Hopf
algebroid H possesses a non-degenerate left integral then also the four duals H∗, ∗H , H∗ and ∗H
possess (anti-) isomorphi Hopf algebroid strutures with non-degenerate integrals ([9℄, Theorem
5.17 and Proposition 5.19). Motivated by these results we term a Hopf algebroid possessing a
non-degenerate left integral as a Frobenius Hopf algebroid. Reall from [37℄ that a Frobenius Hopf
algebroid is equivalent to a distributive Frobenius double algebra.
2.2 Module and omodule algebras
The ategory HM of left modules for the total algebra H of a left bialgebroid (H,L, s, t, γ, π) is
a monoidal ategory. As a matter of fat, any H-module is an L-L bimodule via s and t. The
monoidal produt in HM is the L-module tensor produt with H-module struture
h · (m ⊗
L
n) : = h(1) ·m ⊗L h(2) · n for h ∈ H, m
⊗
L
n ∈M ⊗
L
N
and the monoidal unit is L with H-module struture
h · l : = π(hs(l)) for h ∈ H, l ∈ L.
A left H-module algebra is dened as a monoid in the monoidal ategory HM. A left H -module
algebra A is in partiular an L-ring via the homomorphism
L→ A l 7→ l · 1A ≡ 1A · l.
The invariants of A are the elements of
AH : = { a ∈ A | h · a = s◦π(h) · a ∀h ∈ H }.
Just in the same way, the ategory MH of right modules for the total algebra H of a right
R-bialgebroid is a monoidal ategory with monoidal produt the R-module tensor produt and
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monoidal unit R. A right H-module algebra is a monoid in MH . A right module algebra is in
partiular an R-ring. The invariants are dened analogously to the left ase in terms of the ounit.
By a omodule for a left bialgebroid H = (H,L, s, t, γ, π) we mean a omodule for the L-oring
(H, γ, π). Reall that the ategory of left H-omodules is also a monoidal ategory in the following
way. Any left H-omodule (M, τ) an be equipped with a right L-module struture via
m · l : = π(m〈−1〉s(l)) ·m〈0〉 for m ∈M, l ∈ L (2.12)
where m〈−1〉
⊗
L
m〈0〉 stands for τ(m) (summation understood). Indeed, (2.12) is the unique right
ation via whihM beomes an L-L bimodule and τ beomes an L-L bimodule map from LML to
the Takeuhi produt H×LM . Reall from [38℄ that H×LM is the L-L submodule of LH
L
L
⊗LM
the elements
∑
i hi
⊗
L
mi of whih satisfy
∑
i
hi ⊗L mi · l =
∑
i
hit(l) ⊗L mi for l ∈ L. (2.13)
This observation amounts to saying that our denition of left H-omodules is equivalent to ([30℄,
Denition 5.5). Hene, without loss of generality, from now on we an think of a omodule in
this latter sense. On the basis of ([30℄, Denition 5.5) the ategory
HM of left H -omodules was
shown in ([30℄, Proposition 5.6) to be monoidal. The monoidal produt is the L-module tensor
produt with omodule struture
M ⊗
L
N → H ⊗
L
M ⊗
L
N m ⊗
L
n 7→ m〈−1〉n〈−1〉 ⊗L m〈0〉
⊗
L
n〈0〉
and the monoidal unit is L with omodule struture
L→ L ⊗
L
H ≃ H l 7→ s(l).
Following ([30℄, Denition 5.7), a left omodule algebra for a left bialgebroid H is a monoid in
the monoidal ategory
HM. Notie that  in view of the equivalene of the two denitions of H
-omodules  this denition of omodule algebras is equivalent to ([12℄, Denition 3.4).
By similar arguments also the ategory of right H-omodules  that is of right omodules for
the L-oring (H, γ, π)  is monoidal. The monoidal produt is the L-module tensor produt with
oation
M ⊗
L
N →M ⊗
L
N ⊗
L
H m ⊗
L
n 7→ m〈0〉 ⊗L n〈0〉
⊗
L
n〈1〉m〈1〉
and the monoidal unit is L with omodule struture
L→ H l 7→ t(l),
where the left L-module struture of a right (H, γ, π)-omodule M is dened as l ·m : = m〈0〉 ·
π(m〈1〉s(l)). Similarly to the ase of left omodule algebras we expet the oation of a right
omodule algebra A to be multipliative  i.e. suh that (aa′)〈0〉 ⊗L (aa
′)〈1〉 = a〈0〉a
′
〈0〉
⊗
L
a〈1〉a
′
〈1〉
for a, a′ ∈ A. Therefore we onsider the monoidal ategory (MH)op, the monoidal struture of
whih is the opposite of MH (i.e. it omes from the monoidal struture of LopMLop). A right
H-omodule algebra is dened as a monoid in the ategory (MH)op.
Notie that a left H-omodule algebra is in partiular an L-ring while a right H-omodule
algebra is an Lop-ring.
The oinvariants of a left (right) H-omodule algebra (A, τ) are the elements of the subalgebra
AcoH : = { a ∈ A | τ(a) = 1H ⊗L a } ( A
coH : = { a ∈ A | τ(a) = a ⊗
L
1H } ).
Reall that for a left L-bialgebroid H the left and right L-duals ∗H and H∗ are rings. There
is a faithful funtor from the ategory MH of right H-omodules to the ategory M
∗H of right
∗H-modules whih is an isomorphism if and only if the module LH is nitely generated and
projetive. There is a faithful funtor also from
HM toMH∗ whih is an isomorphism if and only
if the module HL is nitely generated and projetive.
Left and right omodules, omodule algebras and their oinvariants for a right bialgebroid are
dened analogously.
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2.3 Entwining strutures over non-ommutative algebras
Entwining strutures over non-ommutative algebras were introdued in [5℄ as mixed distributive
laws in the biategory of [Algebras, Bimodules, Bimodule maps℄. This denition is learly equiva-
lent to a monad in the biategory of orings i.e. the biategory of omonads [35℄ in the biategory
of [Algebras, Bimodules, Bimodule maps℄. Expliitly, we have
Denition 2.3 An entwining struture over an algebra R is a triple (A,C, ψ) where A = (A, µ, η)
is an R-ring, C = (C,∆, ǫ) is an R-oring and ψ is an R-R bimodule map C ⊗
R
A → A ⊗
R
C
satisfying
ψ ◦ (C ⊗
R
η) = η ⊗
R
C
(A ⊗
R
ǫ) ◦ ψ = ǫ ⊗
R
A
(µ ⊗
R
C) ◦ (A ⊗
R
ψ) ◦ (ψ ⊗
R
A) = ψ ◦ (C ⊗
R
µ)
(A ⊗
R
∆) ◦ ψ = (ψ ⊗
R
C) ◦ (C ⊗
R
ψ) ◦ (∆ ⊗
R
A).
An entwining struture is bijetive if ψ is an isomorphism.
It is shown in ([5℄, Example 4.5) that an entwining struture (A,C, ψ) over the algebra R deter-
mines an A-oring struture on A ⊗
R
C with A-A bimodule struture
a1 · (a ⊗R c) · a2 = a1aψ(c
⊗
R
a2) for a1, a2 ∈ A, a ⊗R c ∈ A
⊗
R
C,
oprodut A ⊗
R
∆ and ounit A ⊗
R
ǫ.
Denition 2.4 A right entwined module over an R-entwining struture (A,C, ψ) is a right o-
module over the orresponding A-oring A ⊗
R
C. Expliitly, it is a triple (M,ρ, τ), where (M,ρ) is a
right A-module, making M in partiular a right R-module. The pair (M, τ) is a right C-omodule
suh that τ is a right A-module map i.e.
τ ◦ ρ = (ρ ⊗
R
C) ◦ (M ⊗
R
ψ) ◦ (τ ⊗
R
A).
A morphism of entwined modules is a morphism of omodules for the A-oring A ⊗
R
C, that is, an
A-linear and C-olinear map. The ategory of entwined modules will be denoted by MCA.
The oinvariants of an entwined module are its oinvariants for the A-oring A ⊗
R
C. If the
R-oring C possesses a grouplike element, then this the same as C-oinvariants.
By ([16℄, 18.13 (2)) the forgetful funtor MCA →MA possesses a right adjoint, the funtor
⊗
R
C :MA →M
C
A ( M,ρ ) 7→ ( M
⊗
R
C , (ρ ⊗
R
C) ◦ (M ⊗
R
ψ) , M ⊗
R
∆ ), (2.14)
where the right R-module struture of M omes from its A-module struture. What is more, by
the self-duality of the notion of R-entwining strutures, also ([16℄, 32.8 (3)) extends to entwin-
ing strutures over non-ommutative algebras. That is, also the forgetful funtor MCA → M
C
possesses a left adjoint, the funtor
⊗
R
A :MC →MCA ( M, τ ) 7→ ( M
⊗
R
A , (M ⊗
R
µ) , (M ⊗
R
ψ) ◦ (τ ⊗
R
A) ). (2.15)
This implies, in partiular, that both A ⊗
R
C and C ⊗
R
A are entwined modules. The morphism ψ
beomes a morphism of entwined modules.
If the R-oring C possesses a grouplike element e, then also the A-oring A ⊗
R
C possesses a
grouplike element 1A ⊗R e. Hene A is an entwined module via the right regular A-ation and the
C-oation
A→ A ⊗
R
C a 7→ ψ(e ⊗
R
a).
In this ase also the funtors
( )coC :MCA →MAcoC and
⊗
AcoC
A :MAcoC →M
C
A (2.16)
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are adjoints ([16℄, 28.8). (The entwined module struture of N ⊗
AcoC
A, for a right AcoC-module
N , is dened via the seond tensor fator). The unit and the ounit of the adjuntion are
ηN : N → (N ⊗
AcoC
A)coC n 7→ n ⊗
AcoC
1A and
µM :M
coC ⊗
AcoC
A→M m ⊗
AcoC
a 7→ m · a
for any right AcoC-module N and entwined module M .
2.4 Morita theory for orings
In the paper [20℄ a Morita ontext (A
∗C , ∗C,A, ∗C
∗C , ν, µ) has been assoiated to an A-oring
C possessing a grouplike element e. Here the ring ∗C = AHom(C,A) is the left A-dual of the
A-oring C with multipliation (fg)(c) = g
(
c(1) · f(c(2))
)
. The invariants of a right
∗C-module
M are dened with the help of the grouplike element e as the elements of
M
∗C : = { m ∈M | m · f = m · [ǫ( )f(e)] ∀f ∈ ∗C }.
In terms of the grouplike element e, the k-module A an be equipped with a right ∗C-module
struture as
a · f : = f(e · a) for a ∈ A, f ∈ ∗C.
The ring A
∗C
is the subring of
∗C-invariants of A i.e.
A
∗C = { b ∈ A | f(e · b) = bf(e) ∀f ∈ ∗C }.
A is an A
∗C
-
∗C bimodule via
b · a · f : = bf(e · a) = f(e · ba) for b ∈ A
∗C , a ∈ A, f ∈ ∗C.
∗C
∗C
is the k-module of ∗C-invariants of the right regular ∗C-module i.e.
∗C
∗C = { q ∈ ∗C | f(c(1) · q(c(2))) = f(q(c) · e) ∀f ∈
∗C, c ∈ C }.
It is a
∗C - A
∗C
bimodule via
(f · q · b)(c) : = q
(
c(1) · f(c(2))
)
b forf ∈ ∗C, q ∈ ∗C
∗C
, b ∈ A
∗C , c ∈ C.
The onneting maps ν and µ are given as
ν : A ⊗∗C
∗C
∗C → A
∗C a ⊗∗C q 7→ q(e · a) and
µ : ∗C
∗C ⊗
A
∗C
A→ ∗C q ⊗
A
∗C
a 7→ ( c 7→ q(c)a ).
In [20℄ the following theorem has been proven.
Theorem 2.5 Let C be an A-oring possessing a grouplike element e, and let (A
∗C , ∗C,A, ∗C
∗C , ν, µ)
be the Morita ontext assoiated to it.
(1) ([20℄, Theorem 3.5). If C is nitely generated and projetive as a left A-module (hene the
ategories MC and M∗C are isomorphi and the C-oinvariants oinide with the
∗C-invariants)
then the following assertions are equivalent.
(a) The map µ is surjetive (and, a fortiori, bijetive).
(b) The funtor ( )coC :MC →MAcoC is fully faithful.
() A is a right ∗C-generator.
(d) A is projetive as a left AcoC-module and the map
∗C → AcoCEnd(A) f 7→ ( a 7→ f(e · a) )
is an algebra anti-isomorphism.
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(e) A is projetive as a left AcoC-module and the A-oring C with grouplike element e is a
Galois oring.
(2) ([20℄, Theorem 2.7). If the algebra extension
A→ ∗C a 7→ ( c 7→ ǫ(c)a )
is a Frobenius extension with Frobenius system (ψ, ui ⊗A vi) then the Morita ontext (A
∗C , ∗C,A,
∗C
∗C , ν, µ) is equivalent to the Morita ontext (A
∗C , ∗C,A,A, ν′, µ′) via the isomorphism
A→ ∗C
∗C
a 7→ ( c 7→
∑
i
vi[c · aui(e)] ).
3 Hopf algebroid extensions
An algebra extension B ⊂ A is an HR -extension for a right bialgebroid HR = (H,R, s, t, γ, π) if A
is a right HR-omodule algebra and B is the subalgebra of HR-oinvariants of A. In this situation
 denoting the R-oring (H, γ, π) by C  the triple (A,HR, C) is a Doi-Koppinen datum over R
in the sense of ([12℄, Denition 3.6). This implies that the R-R bimodule map
ψ : H ⊗
R
A→ A ⊗
R
H h ⊗
R
a 7→ a〈0〉 ⊗
R
ha〈1〉 (3.17)
gives rise to an entwining struture (A,C, ψ) over R. Hene the R-R bimodule A ⊗
R
H possesses
an A-oring struture with left and right A-ations
a1 · (a ⊗R h) · a2 = a1aa
〈0〉
2
⊗
R
ha
〈1〉
2 for a1, a2 ∈ A, a
⊗
R
h ∈ A ⊗
R
H,
oprodut A ⊗
R
γ and ounit A ⊗
R
π. This oring possesses a grouplike element 1A ⊗R 1H . The
HR-extension B ⊂ A was termed HR-Galois in [25℄ if the A-oring A ⊗R H , assoiated to it above,
is a Galois oring. This means bijetivity of the anonial map
canR : A ⊗B A→ A
⊗
R
H a ⊗
B
a′ 7→ aa′〈0〉 ⊗
R
a′〈1〉. (3.18)
Analogously, in the ase of a right omodule algebra A for the left bialgebroid HL = (H,L, s, t, γ,
π) the HL-Galois property of the extension A
coHL ⊂ A means the bijetivity of the anonial map
canL : A ⊗
A
coHL
A→ A ⊗
L
H a ⊗
A
coHL
a′ 7→ a〈0〉a
′ ⊗
L
a〈1〉. (3.19)
This is equivalent to the Galois property of the A-oring A ⊗
L
H with A-A bimodule struture
a1 · (a ⊗L h) · a2 = a1〈0〉aa2
⊗
L
a1〈1〉h for a1, a2 ∈ A, a ⊗L h ∈ A
⊗
L
H,
oprodut A ⊗
L
γ, ounit A ⊗
L
π and grouplike element 1A ⊗L 1H . (Reall from Setion 2.2 that by
our onvention A is an Lop-ring in this ase.)
Proposition 3.1 This is withdrawn beause of an unjustied step in the proof.
Withdrawal of Proposition 3.1 means that  although we are not aware of any ounterexample
 it is no longer proven that for a Hopf algebroidH = (HL,HR, S), any HL-omodule possesses an
HR-omodule struture, or vie versa. (It is disussed in [7, (arXiv version) Theorem 2.5℄ under
what additional assumptions this an be proven.) Therefore, Denition 3.2 and Lemma 3.3 need
to be modied as follows. No other results in the rest of the paper are aeted by these hanges.
Denition 3.2 A right omodule for the Hopf algebroid H = (HL,HR, S) is a triple (M, τL, τR),
where the pair (M, τR) is a right HR-omodule and (M, τL) is a right HL-omodule suh that the
R-R and the L-L bimodule strutures of M are related via
l ·m · l′ = πR ◦ tL(l
′) ·m · πR ◦ tL(l), (3.20)
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and the ompatibility relations
(τR ⊗L H) ◦ τL = (M
⊗
R
γL) ◦ τR (3.21)
(τL ⊗R H) ◦ τR = (M
⊗
L
γR) ◦ τL (3.22)
hold true.
The right H-omodule (A, τL, τR) is said to be a right H-omodule algebra if (A, τR) is a right
HR-omodule algebra and (A, τL) is a right HL-omodule algebra.
2
We follow the onvention of using upper indies to denote the omponents of the oation of a
right bialgebroid and lower indies in the ase of a left bialgebroid.
Lemma 3.3 Let H = (HL,HR, S) be a Hopf algebroid with a bijetive antipode and let A be a
right H-omodule algebra. Then the subalgebras of HR-oinvariants and of HL-oinvariants in A
oinide. Moreover, denoting this oinvariant subalgebra by B, the anonial map
canR : A ⊗B A→ A
⊗
R
H a ⊗
B
a′ 7→ aa′〈0〉 ⊗
R
a′〈1〉
is injetive/surjetive/bijetive if and only if the anonial map
canL : A ⊗B A→ A
⊗
L
H a ⊗
B
a′ 7→ a〈0〉a
′ ⊗
L
a〈1〉
is injetive/surjetive/bijetive.
For a Hopf algebroid H = (HL,HR, S) with a bijetive antipode, and an H-omodule algebra
A with HR-, equivalently, HL-oinvariant subalgebra B, we term the algebra extension B ⊂ A an
H-extension.
In the ase when both anonial maps in Lemma 3.3 are bijetive, we say that B ⊂ A is an
H-Galois extension.
Proof of Lemma 3.3: For any right H-omodule (M, τL, τR), there exists an isomorphism
ΦM :M ⊗R H →M
⊗
L
H m ⊗
R
h 7→ m〈0〉 ⊗L m〈1〉S(h)
with inverse
Φ−1M :M
⊗
L
H →M ⊗
R
H m ⊗
L
h 7→ m〈0〉 ⊗
R
S−1(h)m〈1〉.
Sine ΦM (τR(m)) = m ⊗L 1H and ΦM (m ⊗R 1H) = τL(m), it follows that in partiular the
HR-oinvariants and the HL-oinvariants of any H-omodule algebra A oinide.
Using the HR-olinearity of τL, the Hopf algebroid axiom (2.11), the fat that the image of
τL is in the Takeuhi produt A×L H , the L
op
-ring struture of A and the ounitality of τL, one
heks that for an H-omodule algebra (A, τL, τR) the identity ΦA ◦ canR = canL holds true.
Example 3.4 A k-bialgebra (H,µ, η,∆, ǫ) is an example both of a left- and of a right bialgebroid
via the orrespondene B : = (H, k, η, η,∆, ǫ). A Hopf algebra (H,µ, η,∆, ǫ, S) is an example of a
Hopf algebroid via H : = (B,B, S).
A right H-omodule (algebra) (A, τ) is an example of a right B-omodule (algebra) and gives
rise to an H-omodule (algebra) via (A, τ, τ). The H-oinvariants are obviously the same as the
B-oinvariants and the extension AcoH ⊂ A is H-Galois if and only if it is B-Galois.
Example 3.5 A weak bialgebra ([29, 8℄) has been shown to determine a left bialgebroid in ([24,
31, 36℄). Weak omodule algebras ([3, 18, 19℄) over a weak bialgebra have been shown in ([12℄,
Proposition 3.9) to be equivalent to omodule algebras for the orresponding left bialgebroid.
Now just the same way as a weak bialgebra determines a left bialgebroid, it determines also
a right bialgebroid, and a weak Hopf algebra determines a Hopf algebroid ([9℄, Example 4.8). A
2
It is proven in the arXiv version and the Corrigendum of [7℄ that the ategory MH of right omodules of a
Hopf algebroid H is a monoidal ategory, with strit monoidal forgetful funtors to the omodule ategories of the
onstituent bialgebroids. Consequently, an H-omodule algebra is the same as a monoid in MH.
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weak omodule algebra for the weak bialgebra is equivalent also to a omodule algebra for the
orresponding right bialgebroid, and a weak omodule algebra for a weak Hopf algebra is equivalent
to a omodule algebra for the orresponding Hopf algebroid.
The oinvariants of a weak omodule algebra for a weak bialgebra are the same as its oinvari-
ants for the orresponding left or right bialgebroid.
A weak bialgebra extension B ⊂ A is a Galois extension in the sense of [19℄ if and only if
B ⊂ A is a Galois extension by the orresponding right bialgebroid. In the ase of a weak Hopf
algebra with a bijetive antipode, this is equivalent also to the Galois property of B ⊂ A as an
extension by the orresponding left bialgebroid.
Example 3.6 The total algebra H of a right bialgebroid HR = (H,R, s, t, γ, π) is a right HR-
omodule algebra via γ. We have HcoHR = t(R).
The total algebra H of a left bialgebroid HL = (H,L, s, t, γ, π) is a right HL-omodule algebra
via γ and HcoHL = s(L).
For a Hopf algebroid H = (HL,HR, S), the total algebra is then a right H-omodule algebra
and the anonial map
canR :
RH ⊗HR → H
R ⊗ RH h ⊗
Rop
h′ 7→ hh′(1) ⊗
R
h′(2)
is bijetive with inverse
can−1R : H
R ⊗ RH → RH ⊗HR h ⊗R h
′ 7→ hS(h′(1))
⊗
Rop
h′(2).
That is, the extension tR : R
op → H is HR-Galois. If the antipode S is bijetive then also the
anonial map
canL : H
L ⊗ LH → HL ⊗ LH h ⊗L h
′ 7→ h(1)h
′ ⊗
L
h(2)
is bijetive with inverse
can−1L : HL ⊗ LH → H
L ⊗ LH h ⊗L h
′ 7→ h′(2) ⊗
L
S−1(h′(1))h,
that is also the extension sL : L→ H is HL-Galois.
Example 3.7 Let H be a Hopf algebroid and A a right HR-module algebra. The smash produt
algebra [26℄ A⋊H is dened as the k-module AR ⊗ RH with multipliation
(a⋊ h)(a′ ⋊ h′) : = a′(a · h′(1))⋊ hh′(2).
With this denition A⋊H is an R-ring via the homomorphism
R→ A⋊H r 7→ 1A ⋊ sR(r)
or an Lop-ring via the anti-homomorphism
L→ A⋊H l 7→ 1A ⋊ tL(l).
One an introdue right HL- and right HR-omodule strutures on A⋊H via τL : = A ⊗R γL and
τR : = A ⊗R γR, respetively. The triple (A ⋊H, τL, τR) is a right H-omodule algebra. We have
(A⋊H)coHR = {a⋊ 1H}a∈A and the anonial map
canR : (A⋊H) ⊗A (A⋊H) ≃ A
R ⊗ RHR ⊗
RH → (A⋊H) ⊗
R
H ≃ AR ⊗ RHR ⊗ RH
a ⊗
R
h ⊗
R
h′ 7→ a ⊗
R
h′h(1) ⊗
R
h(2)
is bijetive with inverse
can−1R : A
R ⊗ RHR ⊗ RH → AR ⊗ RHR ⊗
RH a ⊗
R
h ⊗
R
h′ 7→ a ⊗
R
h′(2)
⊗
R
hS(h′(1)).
This means that the extension A ⊂ A⋊H is HR-Galois. If the antipode of H is bijetive then it
is also HL-Galois.
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Example 3.8 In ([25℄, Theorem 5.1) Kadison has shown that a depth 2 extension B ⊂ A of
k-algebras  if it is balaned or faithfully at  is a Galois extension for the right bialgebroid,
onstruted in [26℄ on the total algebra (A ⊗
B
A)B (the entralizer of B in the anonial bimodule
A ⊗
B
A).
Reall that if the extension B ⊂ A is in addition a Frobenius extension, (A ⊗
B
A)B possesses
a Frobenius Hopf algebroid struture [9℄. Extending the result of [25℄ onsiderably, Bálint and
Szlahányi have shown in ([2℄, Theorem 3.7) that an extension B ⊂ A of k-algebras is H-Galois
for some Frobenius Hopf algebroid H if and only if it is a balaned depth 2 Frobenius extension.
4 A Kreimer-Takeuhi type theorem for Hopf algebroids
In this setion we investigate H-extensions for nitely generated projetive Hopf algebroids H
with a bijetive antipode. We show that for an H-Galois extension B ⊂ A, the algebra A is
projetive both as a left and as a right B-module and  under the additional assumption that
(A ⊗
k
A)coH ≃ A ⊗
k
B, see below  the surjetivity of the anonial map (3.18) implies its bijetivity.
This is a generalization of the lassial theorem for nitely generated projetive Hopf algebras by
Kreimer and Takeuhi ([27℄, Theorem 1.7).
Reently Shauenburg and Shneider [33℄ have used new ideas to prove the Kreimer-Takeuhi
theorem and generalizations of it. Their arguments are formulated in terms of entwining strutures
[13℄ over a ommutative ring. In what follows we laim that the line of reasoning in [33℄ an be
applied almost without modiation to entwining strutures over non-ommutative algebras so to
prove a Kreimer-Takeuhi type theorem for Hopf algebroids.
As we have seen at the beginning of Setion 3, a right omodule algebra A for a right R-
bialgebroid HR determines an entwining struture (3.17) over R.
Lemma 4.1 Let H = (HL,HR, S) be a Hopf algebroid with bijetive antipode and A be a right H-
omodule algebra. The map ψ in (3.17), orresponding to the right HR-omodule algebra struture
of A, is an isomorphism.
Proof: The inverse of ψ is onstruted using the HL-oation a 7→ a〈0〉 ⊗L a〈1〉 on A, as
ψ−1 : A ⊗
R
H → H ⊗
R
A a ⊗
R
h 7→ hS−1(a〈1〉) ⊗R a〈0〉.
Motivated by Lemma 4.1, we study bijetive entwining strutures over R. We are going to
generalize ([33℄, Theorem 3.1). Reall that for any entwined module M and any k-module V , the
k-module V ⊗
k
M is an entwined module via the seond tensor fator. The elements of V ⊗
k
M coC
form a subset of (V ⊗
k
M)coC . We have V ⊗
k
M coC = (V ⊗
k
M)coC if, for example, the k-module V
is at.
Proposition 4.2 Let (A,C, ψ) be a bijetive entwining struture over the algebra R, suh that
the R-oring C possesses a grouplike element e. Denote the orresponding right C-oation on A
by a〈0〉
⊗
R
a〈1〉 : = ψ(e ⊗R a) and denote the subring of its oinvariants by B. Assume that C is at
as a left (right) R-module and projetive as a right (left) C-omodule.
(1) Suppose that (A ⊗
k
A)coC = A ⊗
k
B and the anonial map
can : A ⊗
B
A→ A ⊗
R
C a ⊗
B
a′ 7→ aa′〈0〉
⊗
R
a′〈1〉 (4.23)
is surjetive. Under these assumptions the anonial map (4.23) is bijetive.
(2) If the anonial map (4.23) is bijetive then A is projetive as a right (left) B-module.
Proof: The proof is atually the same as the proof of ([33℄, Theorem 3.1), so we present only a
skethy proof here.
(1) Let us use the assumption that C is projetive as a right C-omodule. By the bijetivity of ψ
and the adjuntion (2.15), for any entwined moduleM we have HomCA(A
⊗
R
C,M) ≃ HomC(C,M).
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The forgetful funtor MCA → M
C
is a right adjoint, hene it preserves monomorphisms. A
morphism in any of the (omodule) ategoriesMCA and M
C
is an epimorphism if and only if it is
a surjetive map, hene the forgetful funtorMCA →M
C
preserves also epimorphisms. Therefore,
in light of ([16℄, 18.20(2)), by atness of the left R-module C, projetivity of the right C-omodule
C implies projetivity of the entwined module A ⊗
R
C. Hene the surjetive map
A ⊗
k
A→ A ⊗
R
C a ⊗
k
a′ 7→ aa′〈0〉
⊗
R
a′〈1〉 (4.24)
is a split epimorphism of entwined modules. This means that A ⊗
R
C is a diret summand of
A ⊗
k
A.
Notie that (A ⊗
R
C)coC ≃ A via the isomorphism
α : A→ (A ⊗
R
C)coC a 7→ a ⊗
R
e,
hene the anonial map (4.23) is related to the unit of the adjuntion (2.16) as can = µA⊗
R
C ◦(α
⊗
B
A). This means that can is bijetive provided µ
A⊗
k
A
is bijetive. Tensoring a k-free resolution
. . . Pn
∂n−→ Pn−1 −→ . . . −→ P1
∂1−→ P0
∂0−→ A −→ 0
of A with A over k, we an write A ⊗
k
A as the okernel of the morphism ∂1 ⊗k A : P1
⊗
k
A→ P0 ⊗k A
between entwined modules that are diret sums of opies of A. Funtoriality of µ implies that
µA⊗
k
A ◦ [(∂0
⊗
k
B) ⊗
B
A] = (∂0 ⊗k A) ◦ (P0
⊗
k
µA).
Sine µA is an isomorphism, we an use the universality of the okernel to dene the inverse of
µ
A⊗
k
A
as the unique map φ : A ⊗
k
A→ (A ⊗
k
A)coC ⊗
B
A = (A ⊗
k
B) ⊗
B
A whih satises
φ ◦ (∂0 ⊗k A) = [(∂0
⊗
k
B) ⊗
B
A] ◦ (P0 ⊗k µ
−1
A ).
This proves the bijetivity of µ
A⊗
k
A
, hene of the anonial map (4.23).
If C is projetive as a left C-omodule and at as a right R-module then ψ has to be replaed
with its inverse in the above line of reasoning.
(2) Projetivity of the right B-module A is proven from the projetivity of the right C-
omodule C as follows. By bijetivity of the anonial map (4.23) and using the adjuntion
(2.16), for any entwined module M we have HomC(C,M) ≃ HomB(A,M
coC). Hene the funtor
HomB(A, ( )
coC) :MCA →Mk is exat.
Let f : ⊕IB → A be an epimorphism in MB, for some index set I. Then f ⊗B A is an
epimorphism in MCA whih is mapped by the funtor HomB(A, ( )
coC) to the epimorphism
HomB(A, f) in Mk.
In order to prove projetivity of the left B-module A from projetivity of the left C-omodule
C, replae ψ by its inverse in the above arguments.
As it has been explained to us by Tomasz Brzezi«ski, there exists an alternative, more general
argument proving bijetivity of the anonial map (4.23) from split surjetivity of (4.24) in MCA.
Namely, appliation of ([15℄, Theorem 2.1) to the A-oring A ⊗
R
C, orresponding to the R-
entwining struture (A,C, ψ) with grouplike element e ∈ C, and its omodule M = A, implies the
laim. Indeed, in this ase ondition b) of ([15℄, Theorem 2.1) redues to (A ⊗
k
A)coC ≃ A ⊗
k
AcoC .
We have formulated Proposition 4.2 (1) in terms of the assumption (A ⊗
k
A)coC = A ⊗
k
AcoC .
It has the advantage that in ertain situations (e.g. if k is a eld) it obviously holds true. We do
not know, however, whether it is also a neessary ondition for the laim of Proposition 4.2 (1).
On the other hand, notie that if the anonial map (4.23) is an isomorphism in MCA then
(A ⊗
B
A)coC ≃ (A ⊗
R
C)coC = A, (4.25)
where B stands for AcoC , as before. Appliation of ([40℄, Proposition 5.1) to the A-oring A ⊗
R
C, orresponding to the R-entwining struture (A,C, ψ) with grouplike element e ∈ C, and its
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omodule M = A, implies that the bijetivity of the anonial map (4.23) follows from split
surjetivity of (4.24) also under the (suient and neessary) ondition (4.25).
Let us turn to the appliation of Proposition 4.2 to Hopf algebroid extensions. Let H be a
nitely generated projetive Hopf algebroid with a bijetive antipode. It follows from the Funda-
mental Theorem for Hopf algebroids ([6℄, Theorem 4.2, see also the Corrigendum) and the existene
of a Hopf module struture on H∗ = HomR(H,R) with oinvariants L(H
∗) ([6℄, Proposition 4.4),
that for suh a Hopf algebroid the map
αL :
LH ⊗ L(H∗)L → H∗ h ⊗
Lop
λ∗ 7→ λ∗ ↼ S(h) ≡ λ∗[S(h) ] (4.26)
is an isomorphism of Hopf modules, hene in partiular of left H-modules. (The left H-module
struture on
LH ⊗ L(H∗)L is given by left multipliation in the rst tensor fator, and on H∗
by h · φ∗ : = φ∗ ↼ S(h) ≡ φ∗[S(h) ].) This implies that the element α−1L (πR) is an invariant
of the left H-module LH ⊗ L(H∗)L. The elements {xi} ⊂ H and {λ
∗
i } ⊂ L(H
∗) satisfying∑
i xi
⊗
Lop
λ∗i = α
−1
L (πR) an be used to onstrut dual bases for the left
∗H-module on H dened
as
∗φ ⇁ h : = h(1) sR◦
∗φ(h(2)). As a matter of fat, for λ∗ ∈ L(H∗) we have λ∗ ◦S ∈ L(∗H) ([6℄,
Sholium 2.10), and
∗H is a right H module via ∗φ ↽ h = ∗φ(h ). We leave it to the reader to
hek that the sets {xi} ⊂ H and {λ
∗
i ◦ S ↽ S
−1( )} ⊂ ∗HHom(H,
∗H) are dual bases, showing
that H is a nitely generated and projetive ∗H-module.
Sine the antipode was assumed to be bijetive, we an apply the same argument to the
o-opposite Hopf algebroid Hcop to onlude on the nitely generated projetivity of the left H
∗
-
module on H dened as φ∗ ⇀ h : = h(2) tR◦φ
∗(h(1)).
Furthermore, projetivity of H as a left ∗H module implies that it is projetive as a right
HR-omodule and projetivity of H as a left H
∗
-module implies that it is projetive as a left
HR-omodule. These observations allow for the appliation of Proposition 4.2 to the entwining
struture (3.17)  whih is bijetive by Lemma 4.1.
Corollary 4.3 Let H be a nitely generated projetive Hopf algebroid with a bijetive antipode
and let B ⊂ A be an H-extension.
(1) Suppose that (A ⊗
k
A)coH = A ⊗
k
B (e.g. A is k-at). If the anonial map
canR : A ⊗B A→ A
⊗
R
H a ⊗
B
a′ 7→ aa′〈0〉 ⊗
R
a′〈1〉
is surjetive then the extension B ⊂ A is HR-Galois (equivalently, HL-Galois).
(2) If the extension B ⊂ A is H-Galois then A is projetive both as a left and as a right
B-module.
5 Morita theory for Hopf algebroid extensions
As we have seen at the beginning of Setion 3, an HR-extension B ⊂ A, for a right R -bialgebroid
HR, determines an A-oring struture on A ⊗R H . One an apply the Morita theory for orings,
developed in [20℄, to this oring. In partiular, if HR is nitely generated and projetive as a left
R-module, then Theorem 2.5 (1) an be used to obtain riteria whih are equivalent to the HR-
Galois property of the extension B ⊂ A and the projetivity of the left B-module A. Analogously,
one an apply Theorem 2.5 (1) to obtain riteria whih are equivalent to the Galois property of an
HL-extension B ⊂ A for a nitely generated projetive left bialgebroid HL and the projetivity
of the right B-module A.
Applying the results of the previous setions, we prove that if H = (HL,HR, S) is a nitely
generated projetive Hopf algebroid with a bijetive antipode and A is a rightH-omodule algebra,
with HR, equivalently, HL-oinvariant subalgebra B, then the equivalent onditions, derived from
Theorem 2.5 (1) for B ⊂ A as an HR-extension, on one hand, and as an HL-extension, on the
other hand, are equivalent also to eah other.
LetHR = (H,R, s, t, γ, π) be a right bialgebroid suh thatH is nitely generated and projetive
as a left R-module and let A be a right HR-omodule algebra. As a rst step, let us identify the
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Morita ontext (A
∗C , ∗C,A, ∗C
∗C , ν, µ), assoiated to the A-oring C = A ⊗
R
H (as it is explained
in Setion 2.4).
Reall that A  being a right HR-omodule  is also a left
∗H-module via ∗φ ·a = a〈0〉 ·∗φ(a〈1〉).
Sine the module
RH is nitely generated and projetive, ∗H possesses a left bialgebroid struture.
Let us introdue the smash produt algebra
∗H ⋉ A as the k-module ∗H ⊗
R
A (where the right
R-module struture of ∗H is given by (∗φ · r)(h) = ∗φ(h)r) with multipliation
(∗φ⋉ a)(∗ψ ⋉ a′) : = ∗ψ(1)
∗φ⋉ (∗ψ(2) · a)a
′. (5.27)
With this denition
∗H ⋉A is an A-ring via the homomorphism
iA : A→
∗H ⋉A a 7→ π ⋉ a.
Dene a right-right relative (A,HR) -module to be an entwined module for the R -entwining
struture (3.17), i.e. a right omodule for the A-oring A ⊗
R
H . This means a right A-module (and
hene in partiular a right R-module) and a right HR-omodule M suh that the ompatibility
ondition
(m · a)〈0〉 ⊗
R
(m · a)〈1〉 = m〈0〉 · a〈0〉 ⊗
R
m〈1〉a〈1〉
holds true for any m ∈ M and a ∈ A. Clearly, A is itself a relative (A,HR)-module. It is
straightforward to hek that the ategory MHA of relative (A,HR)-modules is isomorphi to the
ategory M∗H⋉A of right
∗H ⋉ A-modules and the ∗H ⋉ A-invariants are the same as the HR-
oinvariants. This fat an be easily understood in view of
Lemma 5.1 Let HR be a right R-bialgebroid suh that H is nitely generated and projetive as
a left R-module and let A be a right HR-omodule algebra. Then the left A-dual algebra of the
A-oring A ⊗
R
H is isomorphi to the smash produt algebra ∗H ⋉A.
Proof: The required algebra isomorphism is onstruted as
∗H ⋉A→ AHom(A ⊗R H,A)
∗φ⋉ a 7→ ( a′ ⊗
R
h 7→ a′(∗φ(h) · a) ).
The Morita ontext, assoiated to theHR-extension B ⊂ A, is then (B,
∗H⋉A,A, (∗H⋉A)coHR
νR, µR) with onneting maps
νR : A ⊗∗H⋉A (
∗H ⋉A)coHR → B a′ ⊗∗H⋉A (
∑
i
∗φi ⋉ ai) 7→
∑
i
(∗φi · a
′)ai (5.28)
µR : (
∗H ⋉A)coHR ⊗
B
A→ ∗H ⋉A (
∑
i
∗φi ⋉ ai)
⊗
B
a′ 7→
∑
i
∗φi ⋉ aia
′. (5.29)
Sine H is nitely generated and projetive as a left R-module, so is the left A-module A ⊗
R
H .
Hene part (1) in Theorem 2.5 implies
Proposition 5.2 Let HR be a right R-bialgebroid suh that H is nitely generated and projetive
as a left R-module and let B ⊂ A be an HR-extension. The following assertions are equivalent.
(a) The map µR in (5.29) is surjetive (and, a fortiori, bijetive).
(b) The funtor ( )coHR :MHA →MB is fully faithful.
() A is a right ∗H ⋉A-generator.
(d) A is projetive as a left B-module and the map
∗H ⋉A→ BEnd(A)
∗φ⋉ a 7→ ( a′ 7→ (∗φ · a′)a ) (5.30)
is an algebra anti-isomorphism.
(e) A is projetive as a left B-module and the extension B ⊂ A is HR-Galois.
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The arguments leading to Theorem 5.2 an be repeated by replaing the right bialgebroid HR
with a left L-bialgebroid HL suh that H is nitely generated and projetive as a left L-module.
Indeed, in this ase the left L-dual, ∗H , possesses a right bialgebroid struture and A is a right
∗H-module via a · ∗φ = a〈0〉 · ∗φ(a〈1〉). The right A-dual of the A-oring A ⊗L H is isomorphi to
the smash produt algebra ∗H ⋉ A, whih is dened as the k-module ∗H ⊗L A, (where the right
L-module struture on ∗H is given by (∗φ · l)(h) = ∗φ(h)l), with multipliation
(∗φ⋉ a)(∗ψ ⋉ a
′) : = ∗ψ∗φ
(1)
⋉ a(a′ · ∗φ
(2)).
Sine A is an Lop-ring, a left A-module is in partiular a right L-module and we have the iso-
morphism (A ⊗
L
H) ⊗
A
M ≃ M ⊗
L
H for any left A-module M . A left omodule for the A-oring
A ⊗
L
H is then equivalent to a left A-module (hene in partiular a right L-module) and a right
HL-omodule M suh that the ompatibility ondition
(a ·m)〈0〉 ⊗L (a ·m)〈1〉 = a〈0〉 ·m〈0〉
⊗
L
a〈1〉m〈1〉
holds true for m ∈ M and a ∈ A. Suh modules are alled left-right relative (A,HL)-modules
and their ategory is denoted by AM
H
. It follows that the ategory AM
H
is isomorphi also to
∗H⋉AM, the ategory of left ∗H⋉A-modules. The Morita ontext assoiated to the HL-extension
B ⊂ A is (B, ∗H ⋉A,A, (∗H ⋉A)
coHL , νL, µL) with onneting maps
νL : (∗H ⋉A)
coHL ⊗
∗H⋉A
A→ B (
∑
i
∗φi ⋉ ai)
⊗
∗H⋉A
a′ 7→
∑
i
ai(a
′ · ∗φi) (5.31)
µL : A ⊗B (∗H ⋉A)
coHL → ∗H ⋉A a
′ ⊗
B
(
∑
i
∗φi ⋉ ai) 7→
∑
i
∗φi ⋉ a
′ai. (5.32)
Part (1) of Theorem 2.5 implies
Proposition 5.3 Let HL be a left L-bialgebroid suh that H is nitely generated and projetive
as a left L-module and let B ⊂ A be an HL-extension. The following assertions are equivalent.
(a) The map µL in (5.32) is surjetive (and, a fortiori, bijetive).
(b) The funtor ( )coHL : AM
H → BM is fully faithful.
() A is a left ∗H ⋉A-generator.
(d) A is projetive as a right B-module and the map
∗H ⋉A→ EndB(A) ∗φ⋉ a 7→ ( a
′ 7→ a(a′ · ∗φ) ) (5.33)
is an algebra isomorphism.
(e) A is projetive as a right B-module and the extension B ⊂ A is HL-Galois.
Combining Proposition 5.2, 5.3, Corollary 4.3 and Lemma 3.3 we an state our main result.
Theorem 5.4 Let H = (HL,HR, S) be a nitely generated projetive Hopf algebroid with a bije-
tive antipode and let B ⊂ A be an H-extension. The following assertions are equivalent.
(a) The extension B ⊂ A is HR -Galois.
(b) A is projetive as a left B-module and the map (5.30) is an algebra anti-isomorphism.
() A is a right ∗H ⋉A-generator.
(d) The funtor ( )coHR :MHA →MB is fully faithful.
(e) The map µR in (5.29) is surjetive (and, a fortiori, bijetive).
(a
′
) The extension B ⊂ A is HL -Galois.
(b
′
) A is projetive as a right B-module and the map (5.33) is an algebra isomorphism.
(
′
) A is a left ∗H ⋉A-generator.
(d
′
) The funtor ( )coHL : AM
H → BM is fully faithful.
(e
′
) The map µL in (5.32) is surjetive (and, a fortiori, bijetive).
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Proof: It follows from part (2) of Corollary 4.3 that (a) is equivalent to any of the assertions
A is projetive as a left B module and the extension B ⊂ A is HR -Galois. (5.34)
A is projetive as a right B module and the extension B ⊂ A is HR -Galois. (5.35)
By Lemma 3.3 assertions (a) and (a
′
) are equivalent and (5.35) is equivalent to
A is projetive as a right B module and the extension B ⊂ A is HL -Galois. (5.36)
The rest of the proof follows from Propositions 5.2 and 5.3.
Let us mention that in ([17℄, Theorem 4.7) a stronger version of Theorem 2.5 (1) has been
proven. Its appliation to bialgebroid extensions implies
Proposition 5.5 Let HR be a right R- bialgebroid suh that H is nitely generated and projetive
as a left R-module and let B ⊂ A be an HR-extension. The following assertions are equivalent.
(a) The Morita ontext (B, ∗H ⋉A,A, (∗H ⋉A)coHR , νR, µR) is strit.
(b) The funtor ( )coHR :MHA →MB is an equivalene with inverse
⊗
B
A :MB →M
H
A .
() The map (5.30) is an algebra anti-isomorphism and A is a left B-progenerator.
(d) A is faithfully at as a left B-module and the extension B ⊂ A is HR-Galois.
Also the analogue of Proposition 5.5 for left bialgebroid extensions an be proven. We an not
prove, however, that for an H-extension, in the ase of any nitely generated projetive Hopf
algebroid H with a bijetive antipode, the equivalent onditions in Proposition 5.5 and their
ounterparts on the left bialgebroid of H are equivalent also to eah other (as it was seen to be
the ase with Proposition 5.2 and 5.3).
3
The Morita ontext (A
∗C , ∗C,A, ∗C
∗C , ν, µ), assoiated in [20℄ to an A-oring C with a group-
like element, is a generalization of the Morita ontext, assoiated to a bialgebra extension in [23℄.
In the ase of a nite dimensional Hopf algebra over a eld (or a Frobenius Hopf algebra over
a ommutative ring) another Morita ontext has been assoiated to a Hopf algebra extension in
[22, 21℄. The relation of the two Morita ontexts is of the type desribed in part (2) of Theorem
2.5. In order to see what is the analogue of the Morita ontext of Cohen, Fishman and Mont-
gomery in the ase of Hopf algebroids, in the rest of the setion we assume that H is a Frobenius
Hopf algebroid.
Lemma 5.6 Let H be a Frobenius Hopf algebroid and A be a left HL-module algebra. Consider
the smash produt algebra H ⋉A, whih is the k-module H ⊗
L
A with multipliation
(h⋉ a)(g ⋉ a′) : = g(1)h⋉ (g(2) · a)a
′.
The extension
i : A→ H ⋉A a 7→ 1H ⋉ a
is a Frobenius extension.
Proof: Reall (from Setion 2.1) that a Frobenius Hopf algebroid possesses non-degenerate left
integrals. Let us x suh an integral ℓ and denote by ρ∗ the unique element in H∗, for whih
ℓ ↼ ρ∗ ≡ sL◦ρ∗(ℓ(1))ℓ(2) = 1H . A Frobenius funtional Φ : H⋉A→ A is given by h⋉a 7→ ρ∗(h)·a.
A Hopf algebroid alulation shows that it is an A-A bimodule map and possesses a dual basis
(S(ℓ(2))⋉ 1A) ⊗A (ℓ
(1)
⋉ 1A).
Reall that for a Frobenius Hopf algebroidH also the left bialgebroid ∗H possesses a Frobenius
Hopf algebroid struture. Applying Lemma 5.6 together with part (2) of Theorem 2.5 we onlude
3
This question is answered in [1℄, see Proposition 16 in the Corrigendum or Proposition 4.4 in the arXiv version.
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that the Morita ontext (AcoH, ∗H ⋉ A,A, (∗H ⋉ A)coH, νR, µR), assoiated to the right HR -
omodule algebra struture of a right H-omodule algebra A for the Frobenius Hopf algebroid H,
is equivalent to the Morita ontext (AcoH, ∗H ⋉A,A,A, ν′, µ′) with onneting maps
ν′ : A ⊗∗H⋉A A→ A
coH a ⊗∗H⋉A a
′ 7→ ∗λ · (aa′) (5.37)
µ′ : A ⊗
AcoH
A→ ∗H ⋉A a ⊗
AcoH
a′ 7→ (πR ⋉ a)(
∗λ⋉ 1A)(πR ⋉ a
′), (5.38)
where
∗λ is a non-degenerate left integral in ∗H .
Corollary 5.7 If we add to the onditions of Theorem 5.4 the requirement that H be a Frobenius
Hopf algebroid then we an add to the equivalent assertions (a)-(e
′
) also
(f) For any non-degenerate left integral
∗λ in the Frobenius Hopf algebroid ∗H the map
A ⊗
B
A→ ∗H ⋉A a ⊗
B
a′ 7→ (πR ⋉ a)(
∗λ⋉ 1A)(πR ⋉ a
′)
is surjetive (and, a fortiori, bijetive).
By ([9℄, Lemma 5.14), for any non-degenerate left integral ℓ in a Hopf algebroid H, ρ∗ : =
ℓ−1L (1H) ∈ H∗, and any element h of H , we have ℓ(1)h
⊗
L
ℓ(2) = ℓ(1) ⊗L ℓ(2)tL ◦ ρ∗(ℓh
(1))S(h(2)).
This implies that the image of the map (5.38) is an ideal in
∗H ⋉A. Hene  just as it has been
proven for nite dimensional Hopf algebras in ([22℄, Corollary 1.3)  we see that it is true also for
H-extensions B ⊂ A for a Frobenius Hopf algebroid H that if the k-algebra ∗H⋉A is simple then
the extension B ⊂ A is H-Galois.
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